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W. T. Tutte (Canad. J. Math. 15 (1963), 249-271) was the first person to find 
the number of rooted c-nets. Then, R. C. Mullin and P. J. Schellenberg found it 
again in another way (J. Combin. Theory 4 (1968), 259-276). This note presents 
two simpler recursive formulae and an explicit one as a summation with all the 
terms positive except for at most one negative term. 
In 1963 [2], Professor Tutte found the number N, of rooted c-nets, i.e., 
rooted 3-connected planar maps with m > 3 edges to be related to R,, 
m > 1, which is determined by a recursive formula. 
However, this note presents two kinds of simpler recursive formulae for 
calculating R, and N,,,, which do not seem to be direct results of Tutte. 
The first one is 
R, = & ((7m - 22) R,,_, + 2(2m - 1) R,-*), m>3; 
(1) 
R,=-I, R,=2. 
The second one is for determing N, directly 
N = L 
m 8 
60(m - 3)(2m - 9)! _ 2oN 
(m - 5)!(m - I)! m-1 
- 18N,,_, - 7N,-, -N,-, , 
m>8; (II) 
N,=N,=O, N,= 1, N, = 0. 
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In addition, after finding an explicit expression of the 
of N,, a formula about N, as a summation of positive 
most one negative term is found, 
21 w-4 
N mtl =A,+,+- K- 32 n-l 
generating function 
terms except for at 
where 
x (n + 2)(n 3)(7(m + - 2n) 46)(2(m - - 2n) - 15)! 
2Z”+Z(m - 2n - 8)!(m - 2n - 2)! 
x (7(m - 2~)’ - 77(m - 2~) + 216), (III) 
m E 0 (mod 2); 
17-24m-m2 
=2+ 2m+2 ’ m E 1 (mod 2). 
for m>5;N,=N,=O. 
According to Tutte’s theory of enumerating c-nets 121, in order to 
determine the number 
N,=(-1)“‘2+R,-, 11) 
of combinatorially distinct rooted c-nets with m edges, it is only necessary to 
find R,, m > 1. where 
Y= f R,xm, (2) 
m=1 
and Y, x can be expressed by a parameter q as follows 
3 + 211 
y= q (3 + Py)’ ’ 
x=--)7 (3 + d2 
27 . 
For convenience, let us introduce a substitution of parameters 
so that 
3 + 2q 
=3tr13 
Y= 
S-l 
(2 -s)” ’ 
x=(1 -s)s, and 
(3) 
(4) 
(5) 
dY 1 -=- 
dx (2 -s)4 * c6) 
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We suppose that Y satisfies a differential equation of the following form 
and by substituting in the last part of Eq. (6) verify that 
(4x2+7x-2)%+(6x-15)Y=2, Y(x) = 0. 
We may furthermore verify that the solution of Eq. (7) is 
(7) 
Y(x)= l 
2(x + 2)3 
(2x2 - 10x - 1 + (1 - 4x)39. 
Eq. (I) follows from (7). We calculate R,, 1 < m < 35, from which N,, 
3 < m < 36 are found as Table I shows. 
Let us write 
h(x)= -? N,xm 
me4 
to be the generating function of rooted c-nets. In [2], 
2x3 h(x)=.,y2---= 
1+x 
Yx. 
Substituting (8) into (lo), we have 
h(X)_X2-+&+ x 
2(x + q3 (2x2 - 10x - 1 + (1 - 4x)39. 
(9) 
(10) 
(11) 
Naturally, N, can be calculated as the coefftcient of x”’ in the expansion 
of h(x) about x = 0. Nevertheless, it will lead to some complication with a 
summation of alternative sign terms. However, multiplying the two sides of 
(11) by 2(x + 1)(x + 2)3, expanding (1 - 4~)“~ into a power series of x, we 
may derive the direct recursive relation (II) for determining N, with all the 
coefficients of recursive terms being constants. 
Using (II), we may also find Table I for N,, 3 < m < 36. 
In addition, multiplying the two sides of (8) by 26/(x - x)~, we have 
7 
(24.)3 y(x)= (1 - (:/2)2)3 
(2x2 - 10x - 1 + (1 - 4x)39. (12) 
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TABLE I 
1 .Y 
2 .Y 
3 .‘I 
4 0 
5 0 
6 1 
7 0 
8 4 
9 6 
10 24 
11 66 
12 214 
13 676 
14 2,209 
15 7,296 
16 24,460 
17 82,926 
18 284,068 
19 981.882 
20 3,421,318 
21 12,007,554 
22 42,416,488 
23 150,718.770 
24 53R421.590 
25 1,932,856,590 
26 6,969,847,486 
21 25,237,057, 110 
28 91.729,488.354 
29 334.589,415,276 
30 1.224,445.6 17,889 
31 4.494,622. 119,424 
32 16.545,704,494,684 
33 61.071, 167, 108,958 
34 2257982,053, 183,052 
35 838, 171.468,825,578 
36 3, 115,682,298,390,934 
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Using the binomial expansion of (1 - (~/2)‘))~ and (1 - 4~)~” gives 
2’ 
(2 -x)’ 
Y(x) = -16x + 8x2 - 8x3 + 12x4 + 9x’ + 2 L,x”‘. (13) 
m=6 
Let us define w, and v, by 
v, = 
~tm.$)‘2’ 3(n + 2)(n + 3)(2m - 4n - 9)! 
ni, 2*“(m - 2n ’ - 5)!(m - 2n - 2)! 
w _ m(m+2) 
m- 2m-2 ’ m z 0 (mod 2); 
=- Cm+ l)(m+3> 
2m-2 ’ m-1 (mod 2), 
then 
L, = v, + Wmr m > 3. 
(14) 
(15) 
Furthermore, introducing 
V,n = $ (Xv, - 12v,-, + 6vrnez - v,-~), 
(16) 
multiplying (2 - x)~ to the two sides of (12), then substituting (13) and (14) 
into it, we have 
R,=~(8L,-12L,-,+6L,_,-L,-3)=Vm+W,, ma6. (17) 
When m < 6, according to the first 5 terms of (13), we find 
R,=--1, R,=2, R,=-2, R,=2, R,=--1. 
From (14) and (16), we calculate W,, V, to obtain that 
W,=& m = 0 (mod 2); 
m* 
E -- 
2m-1 7 m-1 (mod 2), (18) 
v,=6,+- 21 [m/?!-4 \ (n + 2)(n + 3)(7m - 14n 46)(2m - - 4n - 15)! 
32 nz, 22n+2(m - 2n - 8)!(m - 2n - 2)! 
x (7(m - 2n)* - 77(m - 2n) + 216) 
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where 
6, = 0, m = 0 (mod 2); 
= (m - 1)(7m - 17) 
2m+2 3 M E 1 (mod 2). 
(19) 
Therefore, by (17), R, can be determined, then by (l), N, is as follows: 
N rnfl =A,+1 + v,. ma5 (20) 
when denoting that 
A m+l=(-l)m+12+6,+ w, 
=-2+$ 
(21) 
m = 0 (mod 2); 
=2+ 
17-24m-mm2 
2m+2 > m=l (mod 2). 
This is just relation (III). 
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